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INTRODUCTION

Parshall flume is a modified Venturi flume 
with added slope to the Venturi flat bed at the 
throat section. It provides economical and flex-
ible water measurement capabilities for a wide 
variety of open channel flow situations. (Robeson 
et al., 2009).

Parshall flumes are usually fabricated from 
three parts: The first part represents the followed 
by the throat part that consequently discharge the 
water to the third diverging part, Figure 1. 

Hamed (2022) conducted experimental work 
to investigate the influence of venturi system 
properties on aeration performance. He proposed 
mathematical equations for prediction venturi sys-
tem aeration efficiency. Al Ba’ba’a et al. (2017) 
conducted experimental work to determine the 
optimum aeration efficiency of a lab-scale air-
diffused system. They investigated the influence 
of the orifice characteristics and configurations on 
the aeration efficiency. 

Holler et al. (1969) developed an empirical 
equation for Parshall flume aeration efficiency 
(E20) value determination as a function of Froude 
number (Fr). Avery et al. (1978) carried out the 
experimental investigations related to Parshall 
flume aeration efficiency. They developed a for-
mula for E20 estimation based on both Froude 
and Reynold numbers. Markofskyet et al. (2000) 
investigated the effect of the Froude number on 
the Parshall flume aeration efficiency. Wormlea-
ton et al. (2000) conducted an experimental work 
program focused on Parshall flume aeration. The 
results of this study revealed that E20 can be repre-
sented based on Froude and Reynold numbers as 
the main governing parameters.

Therefore, in this study, integration regres-
sion-based techniques of the principal component 
regression (PCR), partial least squares (PLS), and 
ridge regression (RR) techniques were used to de-
velop the target Parshall flume aeration efficiency 
prediction models. 
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AERATION MECHANISM

The oxygen transfer effi  ciency (aeration effi  -
ciency), AE may be defi ned as:

AE = (Cd − Cu)/(Cs − Cu) (1)

where: u and d – the subscripts that indicate 
the upstream and downstream loca-
tions, respectively;    
Cs and C – the saturation concentration 
of oxygen in water at prevailing ambient 
conditions and the actual concentration of 
oxygen in the water.

The aeration effi  ciency is generally normal-
ized to a 20 °C standard for providing a uniform 
basis for the comparison of measurement results. 
The equation that illustrates the eff ect of tempera-
ture is as follows (Rindels et al.,1990)

1 − AE20 = (1 − AE)1/f (2)

where: AE – the transfer effi  ciency at actual water 
temperature;     
AE20 – the transfer effi  ciency for 20 °C, 
T – the temperature;    
f is the exponent described as:

f = 1.0 + 2.1x10-2(T-20) + 8.26x10-5(T-20)2 (3)

MATERIAL AND METHODS

Experimental work

The experiments were conducted using a pris-
matic open rectangular channel 0.40 m wide, 0.60 

m deep, and 5.00 m long. The open channels and 
storage tanks were made of steel plates with glass 
side tilting. A schematic representation of the ex-
perimental setup is shown in Figure 2. Deoxygen-
ated water was pumped from the storage tank to 
stilling tank. The fl ow was gradually fed to the 
target fl ow rate. The discharge was measured by 
means of an electromagnetic fl ow meter installed 
in the supply line. At the beginning of each exper-
iment run, the storage tank was fed with Na2SO3
and CoCl2 for chemical de-oxygenation. During 
the experiments, Dissolved Oxygen (DO) mea-
surements upstream and downstream were taken 
with a measuring accuracy of ±1%. 

Twenty-four Parshall fl ume models were pre-
fabricated from steel and consequently were fi rm-
ly fi xed in the main experiment open rectangular 
channel. The dimensional details of the fl ume’s 
models are presented in Table 1. 

Data sets framework

Six dominant independent variables are se-
lected to investigate the eff ect of Parshall fl ume 
characteristics and confi gurations on its aeration 
effi  ciency (AE20) as dependent variables: Parshall 
discharge (Q), throat widths (B), throat lengths 
(G), sill heights (K), oxygen defi cit ratio (Og), and 
exponent (f), (Chau et al., 2021 and Chauhane et 
al., 2021). The data set consists of 96 observa-
tions were used and obtained from the laboratory 
experiments. Out of 96 observations, 64 arbitrari-
ly selected observations were used for training, 
whereas the remaining data set (32) was used for 
testing the models. 

Figure 1. Parshall fl ume defi nition sketch
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Aeration effi  ciency modeling techniques

In this study, three main forecasting tech-
niques were selected to develop aeration effi  -
ciency prediction. These techniques are principal 
component regression (PCR), partial least squares 
(PLS), and ridge regression (RR). 

Principal component regression (PCR)

PCR is one of the famous statistical tech-
niques that are mainly used to reduce the dimen-
sion in a linear framework. However, PCR is con-
cerned with using multiple linear regression and 
mathematically utilization is mainly based on the 
following equation, (Watson et al., 2002). 
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where: yt – the dependent variable (aeration ef-
fi ciency), zit βi , and ∈t – the original 
variable, the component weight, and esti-
mated error respectively. 

Partial Least Squares (PLS)

PLS is a method for relating two data matri-
ces, X and Y, by a linear multivariate model. PLS 
prediction model is mainly determined based on 
the following equations, (Helland et al., 1990)

The fi rst PLS component z1t is defi ned as:

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

�
−1

��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �
1
𝑎𝑎𝑎𝑎
�|𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡|/
𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1

𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂� 

 

PBIAS = 100 ∗  
∑ (YObservied −  YSimulated)n
i=1

∑ YObserviedn
i=1

 

 

𝑆𝑆𝑆𝑆𝐼𝐼𝐼𝐼 = �
1
𝑁𝑁𝑁𝑁
�(𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2
𝑁𝑁𝑁𝑁

𝑖𝑖𝑖𝑖=1

 /𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 

 

𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀 = �
∑ (𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖 − 𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖)2𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1
∑ 𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1

� 

(5)

Next, calculate the second PLS component z2t
is defi ned as:

Figure 2. Experimental schematic arrangement

Table 1. Parshall fl umes physical models’ dimensions
Parshall fl ume model B (cm) G (cm) K (cm) Parshall fl ume model B (cm) G (cm) K (cm)

PR1 2.54 7.62 1.27 PR13 5.08 12.70 1.27

PR2 2.54 7.62 2.54 PR14 5.08 12.70 2.54

PR3 2.54 7.62 3.81 PR15 5.08 12.70 3.81

PR4 2.54 7.62 5.08 PR16 5.08 12.70 5.08

PR5 2.54 10.16 1.27 PR17 7.63 12.70 1.27

PR6 2.54 10.16 2.54 PR18 7.63 12.70 2.54

PR7 2.54 10.16 3.81 PR19 7.63 12.70 3.81

PR8 2.54 10.16 5.08 PR20 7.63 12.70 5.08

PR9 5.08 10.16 1.27 PR21 7.63 15.24 1.27

PR10 5.08 10.16 2.54 PR22 7.63 15.24 2.54

PR11 5.08 10.16 3.81 PR23 7.63 15.24 3.81

PR12 5.08 10.16 5.08 PR24 7.63 15.24 5.08
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𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

�
−1

��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �
1
𝑎𝑎𝑎𝑎
�|𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡|/
𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1

𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂� 

 

PBIAS = 100 ∗  
∑ (YObservied −  YSimulated)n
i=1

∑ YObserviedn
i=1

 

 

𝑆𝑆𝑆𝑆𝐼𝐼𝐼𝐼 = �
1
𝑁𝑁𝑁𝑁
�(𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2
𝑁𝑁𝑁𝑁

𝑖𝑖𝑖𝑖=1

 /𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 

 

𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀 = �
∑ (𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖 − 𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖)2𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1
∑ 𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1

� 

(6)

The PLS linear regression is represented as:

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

�
−1

��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �
1
𝑎𝑎𝑎𝑎
�|𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡|/
𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1

𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂� 

 

PBIAS = 100 ∗  
∑ (YObservied −  YSimulated)n
i=1

∑ YObserviedn
i=1

 

 

𝑆𝑆𝑆𝑆𝐼𝐼𝐼𝐼 = �
1
𝑁𝑁𝑁𝑁
�(𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2
𝑁𝑁𝑁𝑁

𝑖𝑖𝑖𝑖=1

 /𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 

 

𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀 = �
∑ (𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖 − 𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖)2𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1
∑ 𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1

� 

(7)

Ridge Regression (RR)

The formation of ridge regression prediction 
model is mainly based on the following equations:

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
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where: β – the coefficient vector;		    
ℷ – the ridge parameter that has k x k iden-
tity matrix and ℷ > 0.

MODEL VALIDATION STATISTICS

In this study, model validation statistics were 
implemented to evaluate its prediction accuracy. 
Four statistical measures are chosen to evaluate the 
errors in the optimum alum dose simulated results.

Mean absolute percentage error (MAPE)

The optimum value of MAPE for best fit 
simulated with regarding to the observed is zero, 
(Shamsi et al., 2016)]. It can be calculated ac-
cording to Equation (11).

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

�
−1

��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �
1
𝑎𝑎𝑎𝑎
�|𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡|/
𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1

𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂� 

 

PBIAS = 100 ∗  
∑ (YObservied −  YSimulated)n
i=1

∑ YObserviedn
i=1

 

 

𝑆𝑆𝑆𝑆𝐼𝐼𝐼𝐼 = �
1
𝑁𝑁𝑁𝑁
�(𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2
𝑁𝑁𝑁𝑁

𝑖𝑖𝑖𝑖=1

 /𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 

 

𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀 = �
∑ (𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖 − 𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖)2𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1
∑ 𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1

� 

(11)

Percent bias (PBIAS)

The most convenient value for PBIAS is zero, 
(Kisi et al., 2020) [14], it can be calculated ac-
cording to Equation (12):

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

�
−1

��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �
1
𝑎𝑎𝑎𝑎
�|𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡|/
𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1

𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂� 

 

PBIAS = 100 ∗  
∑ (YObservied −  YSimulated)n
i=1

∑ YObserviedn
i=1

 

 

𝑆𝑆𝑆𝑆𝐼𝐼𝐼𝐼 = �
1
𝑁𝑁𝑁𝑁
�(𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 −  𝑌𝑌𝑌𝑌𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)2
𝑁𝑁𝑁𝑁

𝑖𝑖𝑖𝑖=1

 /𝑌𝑌𝑌𝑌𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 

 

𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀 = �
∑ (𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖 − 𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖)2𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1
∑ 𝑂𝑂𝑂𝑂𝑖𝑖𝑖𝑖𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1

� 

(12)

Scatter index (SI)

Scatter Index can be calculated according to 
Equation (13), (Yaseen et al., 2018) [15].

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽𝛽𝛽𝛽0 + � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

 𝑧𝑧𝑧𝑧1𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡)𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑧𝑧𝑧𝑧2𝑡𝑡𝑡𝑡  𝛼𝛼𝛼𝛼 �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑦𝑦𝑦𝑦1,𝑡𝑡𝑡𝑡 , 𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡�𝑥𝑥𝑥𝑥1,𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡

𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 

 

 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  � 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 + ∈𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝

𝑖𝑖𝑖𝑖=1
 

 

𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 =  𝛽́𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 +  ∈𝑡𝑡𝑡𝑡 

 

𝛽̂𝛽𝛽𝛽ℷ =  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽  � ��𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 −  𝛽̂𝛽𝛽𝛽𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡�
2 +  ℷ𝛽̀𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

𝑛𝑛𝑛𝑛

𝑡𝑡𝑡𝑡=1

� 

 

𝛽̂𝛽𝛽𝛽ℷ =  ��𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + ℷ𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘  ́
𝑛𝑛𝑛𝑛
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Relative bias (RE)

To evaluate the bias of simulated results from 
observed data, the relative t can be suitable sta-
tistical measure to evaluate the size of the bias 
due to under coverage with respect to the true un-
known data to estimate. The relative bias can be 
calculated according to Equation (14).
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RESULTS AND DISCUSSION

In this experimental program, 360 runs were 
implemented to evaluate the influence of the Par-
shall flume characteristics on the aeration effi-
ciency. After these runs, the optimum values of the 
experiment dominant parameters were achieved. 
Table 2 summaries the mean values of experimen-
tal results that were used as the main input data for 
the development of the predictive models.

According to the experimental aeration re-
sults, the predictive models that interrelate aera-
tion performance as a main independent variable 
other Parshall flume characteristics and configu-
rations were developed by using PCR, PLS, and 
RR techniques.

Predictive models development

I-Principal component regressions models

In the presence of current study’s multi collin-
earity data, PCR are utilized to process multiple 
linear regressions data. The results of a PCR are 

Table 2. Parshall flume experimental mean results
Q B G K Og f AE20

60.065±24.026 5.054±1.213 10.163±3.4235 3.175±1.507 1.024±0.012 9.158±0.008 0.158±0.098
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denoted in terms of principal component scores 
and loadings to satisfy satisfi es the linear eigen-
value equation as expressed in Equation (15). 

AE20 = 10-4 Q + 4*10-4 K +
+ 0.6978 Og − 0.7968

(15)

II-Partial least squares models

Additionally, PLS was selected as important 
technique to develop the Parshall fl ume predic-
tive model because of its reasonable accessibility 
to treat the missing values of data. On the basis of 
PLS techniques, the Aeration effi  ciency is driven 
as shown in Equation (16).

AE20 = 18.78*10-5 Q + 4.33*10-4 B +
+ 7.89*10-5 G + 1.36*10-5 K +

+ 61.94*10-2 Og − 1.034f + 0.2965
(16)

III- Ridge regression model

In this study, to permit an amount of accept-
able bias tolerance in aeration effi  ciency prediction, 
ridge regression has advantage in reducing the vari-
ability of the estimated coeffi  cients and gives a more 
stable and interpretable model. The ridge regression 
predictive model is illustrated in Equation (17).

AE20 = 10-4 Q + 10-5 G + 3.89*10-4 K +
+ 0.7657 Og − 0.7886

(17)

To evaluate the interrelationship between the 
observed and predicted values of AE20 at Parshall 
fl umes, the verifi cation plots of PCR, RR, and 
PLS Models is shown in Figure 3.

It can be noted a reasonable agreement between 
experimental aeration data and the corresponding 
PCR predictive model results with a correlation co-
effi  cient of 0.892. On the other hand, from the com-
parison of PLS and PCR models, it is obvious that 
a relatively improvement in correlation coeffi  cient 
between observed and modelled aeration effi  ciency 
value with an approximate increasing percent of 3%. 
While, a relatively decreasing in the correlation co-
effi  cient value is noted by more than 4% due to ap-
plying RR techniques in comparing to PLS model.

Models comparative evaluation 
and validation 

To facilitate the comparative evaluation and 
validation of Parshall fl ume developed model per-
formance, the heat-map plot is selected to clarify 
the relative comparison among the three denoted 
aeration effi  ciency predictive models, Figure 4. 
This comparison was mainly based on standard-
ized models’ parameters values. 

It can be noted that the values predicted by RR 
model are lying signifi cantly closer to the optimum 
recommended values of the four denoted evaluat-
ing statistical indicators. However, RR predictive 
model is the most suitable developed models for 
predicting AE20 at Parshall fl umes. On the other 
hand, a distinctive graphical model performance 
evaluation was implemented based on integrated 
statistical measurement with the correlation coef-
fi cient as shown in Taylor diagram Figure 5.

Figure 3. Observed and predicted aeration effi  ciency for PCR, RR, and PLS Models
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From the Taylor diagram, it is obvious con-
fi rmed that the RR model has the superior perfor-
mance in aeration effi  ciency prediction followed 
by PLS model. In turn, the PCR model had the 
lowest accuracy in Parshall fl ume aeration effi  -
ciency prediction. 

CONCLUSIONS

In the experimental program of this study, 
360 runs on twenty-four fabricated Parshall fl ume 
with various characteristics and confi gurations 

were implemented to investigate their infl uence 
on the Parshall fl ume aeration effi  ciency. In this 
study, three main forecasting techniques were 
selected to develop aeration effi  ciency predic-
tion. These techniques are principal component 
regression (PCR), partial least squares (PLS), 
and ridge regression (RR). The predictive mod-
els developed in the study were statistically com-
pared to the experimental data. The comparison 
confi rms a good reliability and high accuracy. 
According to the comparison of PLS and PCR 
models, a relative improvement in correlation 
coeffi  cient between the observed and modeled 

Figure 5. Taylor diagram of the predicted models

Figure 4. Predicted models heat-map plot
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aeration efficiency value was observed with an 
approximate increasing percent of 3%. In turn, a 
relatively decreasing in the correlation coefficient 
value is noted by more than 4% due to applying 
RR techniques in comparing to PLS model. The 
study revealed that the RR model has the superior 
performance in aeration efficiency prediction, fol-
lowed by PLS model. Conversely, the PCR model 
had the lowest accuracy in Parshall flume aera-
tion efficiency prediction. The results indicate 
that the proposed predictive Parshall flume aera-
tion efficiency models can be used for accurate 
water body aeration estimation, especially in the 
case of channels having low slopes.
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